Recent research has shown that 2-D roughness of finite height can damp the second mode instability under certain conditions. For instance, it has been shown that the relative location of 2-D roughness element and the synchronization point is important in determining the 2-D roughness effect on modal growth. It was found that if a roughness element is placed downstream of a disturbance's synchronization point, the disturbance is damped. In this paper, an extensive DNS parametric study on the effect of second mode instability from roughness height, width and spacing between roughness elements are conducted. The results reveal that a taller roughness within one boundary layer thickness height results a stronger damping effect on the second mode. On the other hand, the roughness width effect is relatively insignificant compared with the height effect. Lastly, the spacing between roughness elements has been studied. The results show the increasing in spacing of roughness elements has both advantages and disadvantages. For the second mode control using 2-D roughness elements, roughness elements spacing of 10 times the roughness width has been shown to have the best overall damping effect in a broad frequency bandwidth. Overall, our extensive study has shown that roughness height is an important factor for the amplification/damping effect. For a second mode control design using 2-D roughness, the roughness height of 50% boundary layer thickness, width of 2 boundary layer thicknesss and spacing of 10 have been chosen to optimize the damping mechanism.
I. Introduction
he physical mechanisms of the roughness induced boundary-layer transition is critical to the development of hypersonic vehicles [1] . Transition can have a first-order impact on the lift and drag, stability and control, and heat transfer properties of the vehicles [2] . For example, roughness induced transition is an important consideration in the design of thermal protection systems (TPS) of hypersonic vehicles [3, 4] . For a reentry vehicle entering earth's atmosphere, it initially experiences a heating environment associated with a laminar boundary layer. As the vehicle altitude decreases, the vehicle surface becomes rougher and the boundary layer becomes turbulent. The transition from a laminar boundary layer to a turbulent one leads to the increase of surface heating rates by a factor of five or more. Thus the ability to understand and predict the physics of roughness induced transition plays an essential role in the design of TPS for reentry vehicles. Currently, roughness induced laminar-turbulent transition in hypersonic boundary layers, especially that induced by arbitrary surface roughness, is still poorly understood due to the limitation in experimental facilities and numerical methods [5] .
Ideally the laminar-turbulent transition process can be divided into four stages. The first involves small disturbance fields which are initialized via a process termed "receptivity" by the viscous flow. The initial disturbance fields can involve both freestream and vehicle self-induced fluctuations such as acoustics, dynamic vortices, entropy spottiness, etc. The next stage is the linear growth stage, where small disturbances are amplified until they reach certain amplitude where nonlinear effects become important. The amplification can be in the form of exponential growth of eigenmodes (Tollmien-Schlichting waves or Mack waves) and non-modal growth of optimal disturbances (Transient growth). Once a disturbance has reached a finite amplitude, it often saturates and transforms the flow into a new, possibly unsteady state, which is termed as the secondary instability stage. The last The receptivity study is mainly concerned with the excitation of instability waves, the characteristics of which can be analyzed by the linear stability theory (LST) [6] . The LST analyzes the propagation of individual sinusoidal waves in the streamwise direction inside the boundary layer. These waves are referred as Tollmien-Schlichting (T-S) waves for low speed flow, whose amplitudes vary though the boundary layer and die off exponentially outside the boundary layer. Extensive numerical and theoretical researches have been conducted to solve the linearized NavierStokes equations and many characteristics regarding the instability waves in hypersonic boundary layers have been discovered [6] [7] [8] [9] [10] . Mack [6] identified the unstable modes by using the LST for compressible flow. He showed that inside a supersonic boundary layer, there are multiple higher instability modes in addition to the first mode, which is the compressible counterpart of T-S waves in the incompressible boundary layers. These instability modes in the supersonic boundary layer are termed as first mode, second mode, third mode, etc. For supersonic boundary layer with Mach number larger than four, Mack's second mode is the most unstable mode, and it plays an important role in hypersonic boundary layer transition.
Direct numerical simulation has become an effective research tool for studying hypersonic boundary layer receptivity, stability, and transition by numerically solving the time-dependent three-dimensional Navier-Stokes equations for the temporally or spatially evolving instability waves. Malik et al. [11] investigated the responses of a Mach 8 flow over a sharp wedge of a half-angle of 5.3 o to three types of external forcing: a planar freestream acoustic wave, a narrow acoustic beam enforced on the bow shock near the leading edge, and a blowing-suction slot on the wedge surface. They concluded that these three types of forcing eventually resulted in the same type of instability waves in the boundary layer. Ma and Zhong [12] studied the receptivity mechanisms of the same hypersonic boundary layer to various freestream disturbances, i.e., fast and slow acoustic waves, vorticity waves, and entropy waves, by solving the two-dimensional compressible Navier-Stokes equations. They found that the stable modes in the boundary layer played a very important role in the receptivity process. Recently, Wang et al. [13] further studied the response of the Mach 8 flow over a 5.3 o half-angle sharp wedge to wall blowing-suction. The results showed that mode S is strongly excited when the actuator is located upstream of the corresponding synchronization point. There is no significant amplification of pressure perturbation when the actuator is downstream of the synchronization point. Although the exact cause and mechanism of this result were not clear, such a result was obtained for wall blowing-suction at all frequencies considered in their study.
Balakumar [14] numerically investigated the receptivity of a 2-D roughness to acoustic waves and found the isolated roughness does not contribute much in generating unstable disturbances. Marxen et al. [15] studied the disturbance growth on a flat-plate boundary layer at Mach 4.8 with localized 2-D roughness element. They found the disturbance was strongly damped downstream of the roughness element around the separation region, which agrees with Holloway's hypothesis. However, the mechanisms were not investigated. At the same time, Duan et al. [16] from Zhong's group at UCLA reported that a 2-D roughness element can damp disturbances if the element is placed downstream of the synchronization location. The details of the work by the UCLA group will be discussed in the next paragraph. Riley et al. [17, 18] also numerically studied the stability characteristics of a Mach 4 hypersonic boundary layer over a wedge. On the surface of the wedge, they imposed convex or concave panel buckling (compliant panel) at different locations. They found that when the panel is placed near the trailing edge of the wedge, the panel can move the boundary layer transition further downstream. On the other hand, Egorov, Novikov and Fedorov [19] performed numerical simulations of a Mach 6 supersonic boundary layer over a grooved wavy plate. Their study was motivated by the numerical studies of Balakumar [20] and Egorov et al. [21] which showed the second mode remains neutral in the separated region on a 5.5 deg compression corner. Based on the result on the separated region, the intention of the study by Egorov et al. was to generate short local boundary layer separations by the wavy wall to decrease disturbance growth. The wavy wall was in the form of 9 round arc cavities. It was found that the wavy wall design damps a range of high frequency unstable disturbances which are relevant to the second mode instability. Bountin et al. [22] later confirmed the results in Egorov et al. [19] that the wavy wall damps the unstable second mode in the high frequency band while it enhances them at lower frequencies. Their experimental data also showed that the wavy wall damps disturbances not only at the wavy wall wavelength, but also a wide range of disturbances in different frequencies with different wavelengths. Based on these results, they argued that the stabilization effect of second mode by the wavy wall is due to altering the mean flow instead of an interference process between the second mode and the wavy wall itself.
Since 2009, for the purpose of simulating hypersonic flow with finite height roughness element, Zhong's group at UCLA has developed a high-order cut-cell method [23] . The new method was then applied to simulating a finite roughness elements on a hypersonic boundary layer at Mach 5.92 [16, 23] . Different from the wavy wall idea as in [24] and [19] , they found that the relative location of 2-D roughness element and synchronization location plays an important role. Duan et al. [16] and Fong et al. [25] argue that 2-D roughness elements can damp disturbances if the roughness element with a height less than the local boundary layer thickness are downstream of the synchronization poin. In the previous studies done by Fong et al. [25, 26] , a fixed frequency perturbation with different roughness locations and height have been considered. It is found that their highest roughness case (62.5% boundary layer thicknesss) results the strongest damping or amplification. Furthermore, a pulse perutbation with a broad frequency bandwidth has been considered. The pulse pertuabtion has been imposed into different meanflows with different roughness configurations. For example, multiple roughness and different roughness width are considered. All results are consistently show the importance of synchronization location. In this paper, a more extensive parametric study on 2-D roughness is performed which includes a more completed roughness configuration. For instance, roughness parameters including width, height, and spacing have been studied to investigate their effects on the damping and amplification mechanism. After the current study, an optional size of roughness and spacing can be selected for a second mode control method.
II. Governing Equations
For direct numerical simulation of hypersonic boundary layer transition, the governing equations are the threedimensional Navier-Stokes equations. We assume that we are dealing with Newtonian fluids with the perfect gas assumption and isothermal or adiabatic wall conditions. The governing equations can be written in the following conservation-law form in the Cartesian coordinates,
where U , j F and vj F are the vectors of flow variables, convective flux, and viscous flux in the jth spatial direction respectively, i.e.,
 
In this paper, only perfect-gas hypersonic flow is considered, i.e.,
where R is the gas constant. The specific heat v C is assumed to be constant with a given ratio of specific heats  . The viscosity coefficient  can be calculated by Sutherland's law in the form:
where, for air, 
III. Numerical Method -High-Order Cut-Cell Method
A schematic of a computational domain and a cut-cell grid in roughness induced hypersonic boundary layer transition is shown in Figure 1 . This figure shows a typical hypersonic flow over a blunt body, where a bow shock is created by the supersonic freestream. In this paper, a high-order shock-fitting method is used to track the movement of the bow shock which is treated as the upper boundary of the computational domain. The computational grid for a shock-fitting formulation is bounded between the bow shock above and the blunt body below. The cut-cell grid is a smooth curvilinear grid fitted to the baseline body shape without the roughness. As a result, the roughness surface cuts across the grid lines. The roughness surface,  , is represented by surface equation in the following form,
For a problem concerning practical arbitrary roughness, it is likely that there is no analytical equation applicable to represent the shape of the roughness element. In this case, a set of n discrete points ( , , ) ( , , , ) ( , , , ) ( , , , ) ( , , ) ( , , , )
where ( , , , ) x y z t are the physical coordinates defined under Cartesian coordinate system.
A third-order accurate Cut-Cell method is used in current numerical simulation [16] . A set of uniformly distributed Cartesian grids can be generated in the computational domain where the grid distribution in the physical domain is not uniformly distributed. Because smooth body-fitted grids are generated in the regular computational domain without the roughness, some of the Cartesian grid cells may be cut by the roughness boundary, which leads to irregular Cartesian grid cells. More details of the grid structure are discussed in a previous paper [16] .
IV. Results and Discussions

A. Flow conditions and roughness model
In this paper, the cut-cell method is used to compute hypersonic viscous flow over a flat plate with an isolated surface roughness element (Fig. 2) . Both steady and unsteady flows are considered. The freestream flow conditions are the same as those used in Maslov's experiment [7] 
where M  , T  , P  , r P , R  are Mach number, temperature, pressure, Prandtl number and unit Reynolds number, respectively. The flat plate is assumed to be isothermal. An isolated roughness element of smooth shape is placed on the surface of the flat plate at 0.185 x m  . Motivated by Whiteheard's experiments [27] , the shape of the surface roughness is chosen to be a two-dimensional bump, governed by the following elliptic equation, A third-order cut-cell method described is used to compute the two-dimensional viscous hypersonic flow over the flat plate with the roughness element. A coordinate transformation is employed to transform the physical domain into a rectangle computational domain with a set of Cartesian grid. The optimal transformation formula is determined by the specific physical problem considered. For viscous flow over a flat plate, it is necessary to cluster more grid points near wall surface in order to resolve the viscous boundary layer.
A wall normal velocity pulse is introduced into the mean flow with surface roughness for unsteady simulations. The pulse is generated by a hole modeled on the flat plate with a width of 0.003m . At each grid point, the perturbation is Gaussian shape in time, as shown in Figure 3 (a) . Moreover, in order not to introduce any additional mass into the mean flow, the perturbation is sinusoidal in space as shown in Figure 3 (b) . Figure 3 (c) shows that the frequency spectrum of the perturbation has a frequency range of 1 MHz . It is broad enough to cover the most unstable modes in the flow. 
B. Overview of test cases
In this study, the roughness height, width and spacing have been varied. A schematic of the whole computation domain is shown in Figure 5 . A hypersonic flow travels from left to right. When it hits the flatplate (1), a shock (2) is formed. An roughness element or multiple roughness elements (3) is/are placed on the flatplate. Because of the viscous effect, a boundary layer (4) is formed over the flatplate and grows downsteam. For unsteady simulation, perturbation (5) is imposed into the meanflow. While Figure 5 is a schematic, Figure 4 is taken from the actual unsteady simulation. The detail of all test cases are shown in Table 1 . In the table, BL means boundary layer thickness and RW means roughness width. 19 cases with different roughness parameters have been performed. Among them, 17 are presented here. In the height study, a single roughnes is used with a width fixed at 2 times the local boundary layer thickness. For the width study, a roughness with a height fixed at 50% the local boundary layer thickness is used. Lastly, in the spacing study, two roughness elements are used with height fixed at 50% boundary layer thickness and width fixed at 2 boundary layer thickness. Detail of each tested parameters will be discussed in the following sections. Note that multiple roughness element study is not included in this paper as it has been included in [26] 
C. The effects of roughness height
The pulse model is implemented into a mean flow where roughness is placed at 0.185 m x  on a flat plate. A schematic of the setup is shown in Figure 4 . For the purpose of parametric study, different roughness parameters have been varied to study their corresponding effects. For instance, the roughness height has been varied from 25%, 37.5%, 50%, 62.5%, 75% and 100% the local boundary layer thickness. Figure 6 shows the schematics of the shortest roughness and the tallest roughness. It can be seen a taller roughness results a stronger compression region in the upstream region and stronger expansion region in the downstream region. Figure 7 shows the streamwise velocity profile at two different locations: upstream of the roughness at 0.1737 m x  and downstream of the roughness at 0.189 m x  . It can be clearly seen in Figure 7 , a tall roughness always results a thicker boundary layer. Moreover, in both the upstream and downstream location shown in Figure 7 (a) and (b), the 100% boundary layer thickness roughness has created strong circulations (negative streamwise velocity) while short roughness elements do not have this phenomena. A tall roughness alters the meanflow more significantly than a short roughness does. Figure 8 shows the spatial growth of wall perturbation at two different frequencies (100 kHz and 140 kHz) for all different roughness heights. The roughness location in this case is 0.185 m x  , which corresponds to the synchronization location of 133.26 kHz perturbation. Therefore, the roughness is located upstream of the synchronization point of 100 kHz perturbation while it is downstream of the synchronization point of 140 kHz perturbation. More about synchronization point and the stability analysis on the current case can be found in [25, 28] . It can been seen in Figure 8 (a) that all roughness elements amplify the 100 kHz perturbation upstream, the strength of amplification is stronger in the higher roughness case except the 100% roughness case. In the 100% roughness case, damping effect is observed near the vicinity of the roughness. The amplification effect seems to start to reverse for this roughness height. It would be interesting to investigate a taller roughness higher than the local boundary layer thickness. However, our current numerical scheme blows up when a strong shock forms around the roughness. For further studies, a WENO scheme is planned to be implemented to investigate the effect of taller roughness elements. , a location downstream of the roughness element. This figure shows all tested roughness height from 25% to 100% the local boundary layer thickness. The synchronization frequency of 133.26 kHz is also shown in the figure. It is shown that the taller the roughness is, the stronger the damping effect is observed for frequencies higher than the synchronization frequency which is consistent with the previous observation. 
D. The effects of roughness width
Different roughness width cases are also considered in the current study. Six roughness width cases ranging from 0.125 to 8 times the boundary layer thickness have been included. Figure 10 shows the schematics of pressure for the thinnest roughness and the widest roughness. It is seen that, different from Figure 6 for the roughness height case, the thinnest roughness and the widest roughness have similar compression and expansion patterns. Figure 11 shows the streamwise velocity profile for different roughness width at 0.1737 m x  . Although the roughness width has been varied from 0.125 to 8 times the local boundary layer thickness, the change in streamwise velocity is very small compared with Figure 7 (a). It can be said that the change in meanflow by roughness width effect is not as significant as those observed in the roughness height case. Figure 12 shows the spatial growth of 100 kHz and 140 kHz wall pressure perturbations for different roughness width cases. The roughness location is the same as the roughness height study in the previous section, which is located at 0.185 m x  . The height of roughness here is fixed at 50% the local boundary layer thickness. As expected, the roughness elements amplify the perturbation at 100 kHz since it is upstream of the perturbation's synchronization point. The result shows wider roughness gives a stronger amplification although the width effect is weak. Similarly, for 140 kHz in Figure 12 (b), a wider roughness results a slighter stronger damping. Overall, the effect of roughness width is not significant compared with the effect of height which is shown in the previous section. 
E. The effects of roughness elements spacing
In [25] , multiple roughness elements have been used to investigate their overall effect on the damping on the second mode and their amplification effect on the first mode. In this paper, the effect of different roughness spacing and the location of second roughness varies in each case. Moreover, the height of each roughness is 50% the local boundary layer thickness, and their widths are two times the local boundary layer thickness. The detail locations of each roughness for each test case are shown in Table 2 . Figure 13 . Schematics of pressure for the closely packed roughness elements and highly separately roughness elements. Figure 13 shows the schematics of pressure for the closest roughness elements and further roughness elements spacing. It is seen that the closer the roughness elements are, the more interaction between the two roughness in the region between them. In Figure 13(a) , the compression region in front of the second roughness has reached the first roughness. On the other hand, the highly separately roughness elements are more independent as shown in Figure  13 (b). Moreover, it is due to the interaction between the two roughness elements in closely packed case, the meanflow for spacing less than 5 cannot converge in our simulation. The meanflow with roughness elements that close may be inherent unstable.
To study the spacing effect, a 2-D FFT counter plot is used. Figure 14 shows the perturbation amplitude contours obtained from FFT for different spacing cases. In the figures, the y-axis is the frequency (Hz), the x-axis is the coordinate of the flat plate (m) and the contour represents the non-dimensional perturbation amplitude obtained from FFT. The two vertical black lines represent the locations of the two roughness elements. The horizontal red dash lines represent the synchronization frequencies at which the roughness elements are located. For example, in Figure  14 (a), the first roughness is at 0.185 m . This location is the synchronization point of 133.26 kHz perturbation, which is represented by the top red dash line. The second roughness location, 0.2012 m , is the synchronization point of perturbation at frequency 127.3 kHz which is represented by the lower red dash line. One important feature in Figure 14 which should be clarified is the following: for frequencies higher than the upper red dash line, both the first and the second roughness elements are downstream of their synchronization points. As a result, those frequencies will be damped by both roughness elements. On the other hand, for frequencies between the two dash lines, the first roughness is upstream of their synchronization points while the second roughness is downstream of their synchronization points. Therefore, the first roughness will amplify those frequencies while they will be damped by the second roughness. Lastly, both roughness elements are upstream of the synchronization points for the frequencies below the lower red dash line, so those frequencies will be amplified by the two roughness elements.
It can be seen from Figure 14 (g), without roughness, the maximum amplitude is around 150 kHz at 0.22 m x  for all frequencies in the whole domain. Note that in Figure 14 (g , the overlap regions between computation zones are visible. Nevertheless, the overlapping regions do not affect the overall accuracy of the result. For comparison purpose, the case with one signle roughness which represents infinite roughness spacing is shown in Figure 14 (h). Figure 14 (a) to (f) shows with multiple roughness elements, the peak at 150 kHz has been completely damped regardless of the locations of the second roughness element. This can be explained by the fact that the first roughness element is located at the synchronization point for 133.26 kHz, so both the first and the second roughness are behind the synchronization point for 150 kHz. Therefore, the perturbation has been damped significantly. Another area of interest is the region between two red lines. As mentioned, since the first roughness amplifies perturbation at this frequency band, while the second roughness damps it. It would be useful to compare how different roughness elements spacing would affect the magnitude of the perturbation in this frequency band. In Figure 14 (a) , the closest roughness spacing case, the amplification of perturbation between the two red lines by the first roughness is not significant. However, as the spacing gets bigger, the perturbations in this frequency band can grow to high level before the second roughness starts to damp it. This trend can be clearly seen from Figure 14 (a) to (f), with the most significant amplification in Figure 14 (f).
The frequency band below the lower red dash line is also important as both roughness elements amplify this frequency band. If the amplification at this frequency range becomes so significant that their magnitude is comparable to the maximum amplitude without roughness, a flow control method using this 2-D roughness idea will not be efficient. Figure 14 (a) to (f) show that if the two roughness elements are too close (for example: the 5 times roughness width case), the lower frequency below the red dash line will be amplified significantly at the end of the domain. When the roughness spacing gets bigger, the magnitude at the end is less pronounced.
The spatial growth of two selected frequencies at 115 kHz and 160 kHz are shown in Figure 15 for the cases of 5 and 25 spacing. The frequency of 115 kHz is lower than the lower red dash line of Figure 14 , while the frequency of 160 kHz is higher than the upper red dash line of Figure 14 . Figure 15 (a) and (c) shows both roughness elements amplify the frequency of 115 kHz. However, for the 25 spacing case, the second roughness is closed to the synchronization location of 115 kHz, as a results, the amplification is not as significant as the 5 spacing case. On the other hand, Figure 15 (b) and (d) show the case with both roughness elements damp the disturbance at frequency 160 kHz. It is seen that when the spacing effect in the frequency region higher than the upper red line is not very significant. The frequency of 160 kHz is being damped through out the tested region on the flat plate.
Based on the results, the spacing between roughness elements should not be too close or too wide in order to stabilize the second mode. If the spacing is too wide, the perturbation between two red dash lines are amplified significantly. On the other hand, if the spacing is too close, the amplification for frequencies below the lower red dash line becomes strong. Therefore, for the second mode control purpose, the roughness spacing of 10 is used to optimize the stabilization effect on the flow. An experiment of this 2-D roughness controlled second mode design had been applied to a flare cone in Mach 6 quiet tunnel at Purdue university [29] . Their experimental results show the our designed roughness strips have successfully damped the second mode waves. 
V. Summary and Discussion
It has been previously shown that the synchronization point and 2-D roughness location are important to determine the 2-D roughness effect on a hypersonic boundary layer. Namely, if roughness is placed downstream of the synchronization point of a perturbation, the perturbation is damped. On the other hand, if the roughness element is placed upstream of the synchronization point, it is amplified. In this paper, we have extended the roughness study and performed an extensive parametric DNS investigation on the effects of different 2-D roughness parameters on the damping/amplification mechanisms. The investigated roughness parameters include roughness height, width and spacing.
In the roughness height study, it is found that a taller roughness within a boundary layer thickness height results a stronger damping or amplification effect depending on the roughness location and the synchronization location. However, when the roughness height approaches one boundary layer thickness, reverse trend has started to be observed. The strong roughness height effects can be explained by the strong mean flow distortion produced by taller roughness element. For short roughness, the meanflow distortion is relatively small, which results a weaker roughness effect.
Fo the roughness width study, it reveals that a wider roughness produces slightly stronger damping or amplification effect. However, the width effect is almost negligible compared with the height effect. By investigating the meanflow distortion produced by different roughness with different width, it is concluded that the meanflow distortion is not sensitive to changes in roughness width. As a result, changing the roughness width does not change the roughness effect significantly.
Lastly, the effect of roughness elements spacing is investigated. Six cases with roughness spacing varying from 5 to 25 times the roughness width are included. It is found that closely packed and highly separated roughness elements have their own disadvantages and advantages. For instance, if the spacing is too wide, the perturbations at frequencies between the two synchronization frequencies will be amplified to significant level which is comparable to the most unstable perturbation in a smooth case. On the other hand, if the spacing is close, the perturbations at frequencies lower than the second roughness synchronization frequency is amplified significantly.
Overall, our extensive study has shown that roughness height is an important factor for the amplification/damping effect. For a second mode control design using 2-D roughness as in [29] , the roughness height of 50% boundary layer thickness, width of 2 boundary layer thicknesss and spacing of 10 have been chosen. The results in [29] have shown that our design of 2-D roughness successfully damp the second mode.
